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Universality of Capillary Rising in Corners
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We study the dynamics of capillary rising in corners. Using Onsager principle, we derive
a partial differential equation that describes the time evolution of meniscus profile. We
obtain both numerical solutions and self-similar solutions to this partial differential
equation. Our results show that the advance of the meniscus front follows a time-
scaling of t1/3, in agreement with the experimental results and theoretical conjecture
of Ponomarenko et al.
1. Introduction
It is well-known that when a capillary tube is brought in contact with a wetting fluid,
the fluid rises in the tube and eventually reaches the Jurin’s height (de Gennes et al.
2004). A related setup is when a cornered geometry consisting of two intersecting plates
is brought in contact with the fluid. In this case, a finger-like fluid quickly forms and flows
along the corner. The earliest study of the capillary rising in corners can be dated back
to the 18th century: Taylor conducted experiments on the fluid rising in a small-angle
corner formed by two nearly parallel plates. He identified that the equilibrium shape of
the meniscus is a hyperbola (Taylor 1710). In the paper right after Taylor’s, Hauksbee
(1710) confirmed and quantified Taylor’s observation. Other reports on the equilibrium
meniscus can be found in works of Langbein (1990) and Finn (1999, 2002).
Even though the equilibrium theory of the meniscus in a cornered geometry is well-
established, the understanding on the dynamics was quite recent. The time evolution
of the meniscus is governed by several factors. The driving force is the capillary forces
which tend to minimize the interfacial energy, and the wetting fluid tends to maximize its
coverage on the solid surfaces. The rising of the fluid is hindered by the viscous friction
and the gravity. In situations when the gravity can be ignored, the propagation of the
meniscus front obeys the classical Lucas-Washburn’s t1/2 scaling (Lucas 1918; Washburn
1921; Dong & Chatzis 1995; Weislogel & Lichter 1998). When gravity is considered, the
meniscus rises with a different t1/3 scaling. This result was first derived by Tang & Tang
(1994). Higuera et al. (2008) developed a more complete theory for the case of two vertical
plates forming a small angle. They derived a partial differential equation for the time
evolution of the meniscus shape at the late stage based on the lubrication approximation,
and derived the t1/3 scaling law from this equation. Ponomarenko et al. (2011) conducted
experiments of capillary rising in corners of different geometries (linear, quadratic and
cubic). The universality of the t1/3 scaling was demonstrated experimentally. They made
a theoretical conjecture, but a rigorous proof is still lacking.
In this paper, we study the dynamics of capillary rising at a general corner. Using
Onsager principle (Doi 2013), we derive a partial differential equation that describes the
time evolution of meniscus profile. We obtain both numerical solutions and self-similar
solutions to the partial differential equation. Our results show that the advance of the
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Figure 1. Schematic picture of the capillary rising in a corner.
meniscus front follows a time-scaling of t1/3, and this scaling is universal for the general
power-law corners.
2. Capillary rising in a corner
We consider the capillary rising in a cornered geometry shown in figure 1. The two
surfaces forming the corner are described by a function E(x). The coordinate system
is set as the z-axis lies on the intersection of the two surfaces, while x-axis bisects the
corner. The meniscus is described by its profile in the x-z plane, given by the function
G(z, t). The bottom of the meniscus is located at z = 0 and in contact with the fluid
reservoir. The tip of the meniscus is denoted by z = Zm.
In the plane perpendicular to z-axis, the arc length of the contact between the fluid
and the surface is
L(G) =
∫ G
0
dx
√
1 +
1
4
(
dE
dx
)2
. (2.1)
The cross-section area is given by
A(G) =
∫ G
0
dxE(x). (2.2)
2.1. Free energy
The free energy of the system is given by
F =
∫ Zm
0
dz
(
ρgA[G(z, t)]z − 2L[G(z, t)]γ cos θ
)
. (2.3)
The first term is the gravitational energy where ρ is the fluid density and g is the
gravitational constant. The second term is the interfacial contribution where γ is the
surface tension of the fluid and θ is the equilibrium contact angle of the fluid on the solid
surfaces. Here we have assumed the two surfaces are close to each so we can neglect the
surface energy of the free surface.
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The conservation equation is
∂A
∂t
= A′G˙ = −
∂Q
∂z
, (2.4)
where the prime denotes the derivative with respect to G, A′ = ∂A/∂G, and Q(z, t) is
the volume flux along the z-axis.
The change rate of the free energy is
F˙ =
∫ Zm
0
dz
(
ρgA′z − 2L′γ cos θ
)
G˙ =
∫ Zm
0
dz
(
ρg − 2
∂(L′/A′)
∂z
γ cos θ
)
Q. (2.5)
where we have used the conservation equation (2.4) and the integration by part.
The equilibrium meniscus has a shape determined by
∂(L′/A′)
∂z
=
ρg
2γ cos θ
. (2.6)
2.2. Dissipation function
The dissipation function is calculated by the lubrication approximation. From the
geometry setup, the flow is quasi-2D because the length scale perpendicular to the x-z
plane is small. The velocity is then denoted by v = (vx, vz) and is given by Darcy’s law
v = −
12E2
η
∇p, (2.7)
where ∇ is assumed to be two-dimensional. In general, vz ≫ vx, so the flow is further
simplified to be one-dimensional
vz(x, z, t) = C(z, t)E
2(x). (2.8)
The flux is an area integration of the local velocity
Q(z) =
∫ G(z)
0
dxE(x)vz(x, z, t) =
∫ G(z)
0
dxE3(x)C(z, t) = B(G)C(z, t), (2.9)
where the function B(G) is given by
B(G) =
∫ G
0
dxE3(x). (2.10)
The velocity is then given by equations (2.8) and (2.9)
vz(x, z, t) =
Q(z)
B
E2(x). (2.11)
The dissipation function is
Φ =
1
2
∫ Zm
0
dz
∫ G(z)
0
dx
12η
E(x)
v2z(x, z, t) =
1
2
∫ Zm
0
dz
12η
B
Q2(z). (2.12)
2.3. Time evolution equation
The Rayleighian of the system is the summation of the change rate of the free energy
(2.5) and the dissipation function (2.12)
R = F˙ + Φ =
∫ Zm
0
dz
(
ρg − 2
∂(L′/A′)
∂z
γ cos θ
)
Q +
1
2
∫ Zm
0
dz
12η
B
Q2. (2.13)
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The time evolution equation is derived from the Onsager principle, δR/δQ = 0,
Q =
B
12η
(
−ρg + 2γ cos θ
∂(L′/A′)
∂z
)
. (2.14)
Combined with the conservation equation (2.4), we obtain the time evolution of the
meniscus
∂G
∂t
=
1
A′
∂
∂z
[
B
12η
(
ρg − 2γ cos θ
∂(L′/A′)
∂z
)]
. (2.15)
3. Power-law corner
We consider an general corner formed by two surfaces which are power n of x
E(x) = cxn, n > 1. (3.1)
Note here c has a dimension of [LENGTH]−n+1. To derive the time evolution equation,
we need the following
B(G) =
c3
3n+ 1
G3n+1, (3.2)
A′(G) = cGn, (3.3)
∂(L′/A′)
∂z
≃ −
n
cGn+1
∂G
∂z
. (3.4)
We have kept only terms of lowest order.
The flux (2.14) becomes
Q =
c3
12η(3n+ 1)
G3n+1
(
−ρg −
2nγ cos θ
c
1
Gn+1
∂G
∂z
)
. (3.5)
The time evolution equation (2.15) becomes
∂G
∂t
=
c2
12η(3n+ 1)Gn
∂
∂z
[
G3n+1
(
ρg +
2nγ cos θ
c
1
Gn+1
∂G
∂z
)]
. (3.6)
Scaling the length and the time with the following constants
Hc =
(
2nγ cos θ
cρg
)1/(n+1)
, tc =
12η
c2ρgH2n−1c
, (3.7)
we convert the equation into dimensionless form
∂G˜
∂t˜
=
1
(3n+ 1)G˜n
∂
∂z˜
[
G˜3n+1
(
1 +
1
G˜n+1
∂G˜
∂z˜
)]
(3.8)
= G˜2n
∂G˜
∂z˜
+
2n
3n+ 1
G˜n−1
(
∂G˜
∂z˜
)2
+
1
3n+ 1
G˜n
∂2G˜
∂z˜2
, (3.9)
where the tildes denote the corresponding dimensionless variables. This is the general-
ization of the equation which Higuera et al. (2008) derived for the capillary rising in the
corner made of planes.
The equilibrium profile is then given by
1 +
1
G˜n+1
∂G˜
∂z˜
= 0 ⇒ G˜ = (nz˜)−1/n. (3.10)
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The time evolution equation (3.9) admits a self-similar solution of the form
G˜(z˜, t˜) = F (χ)t˜α, χ = z˜t˜β , (3.11)
where α and β are parameters to be determined. Using the above expressions, we rewrite
equation (3.9) as
(βχF ′+αF ) t˜α−1 = F 2nF ′ t˜(2n+1)α+β+
(
2n
3n+ 1
Fn−1(F ′)2 +
1
3n+ 1
FnF ′′
)
t˜(n+1)α+2β .
(3.12)
The above equation becomes time-independent if
α− 1 = (2n+ 1)α+ β = (n+ 1)α+ 2β, (3.13)
which leads to
α = −
1
3n
, β = −
1
3
. (3.14)
Equation (3.12) then becomes an ordinary differential equation
F 2nF ′ +
2n
3n+ 1
Fn−1(F ′)2 +
1
3n+ 1
FnF ′′ +
1
3
(χF ′ +
1
n
F ) = 0. (3.15)
The meniscus profile should converge to the equilibrium form (nz˜)−1/n in the limit
t˜→∞. This leads to the first boundary condition
χ→ 0, F (χ)→ (nχ)−1/n. (3.16)
The second boundary condition is that the profile F (χ) approaches zero at certain
value χ = χ0. Assuming F (χ) behaves like (χ0−χ)
γ as χ→ χ0−, each term in equation
(3.15) behaves like
F 2nF ′ ∼ (χ0 − χ)
(2n+1)γ−1, (3.17)
Fn−1(F ′)2 ∼ (χ0 − χ)
(n+1)γ−2, (3.18)
FnF ′′ ∼ (χ0 − χ)
(n+1)γ−2, (3.19)
χF ′ ∼ χ0(χ0 − χ)
γ−1, (3.20)
F ∼ (χ0 − χ)
γ . (3.21)
Anticipating γ 6 1, the dominating terms are Fn−1(F ′)2, FnF ′′, and χF . Upon ignoring
other terms, equation (3.15) becomes
2n
3n+ 1
Fn−1(F ′)2 +
1
3n+ 1
FnF ′′ +
1
3
χ0F
′ = 0. (3.22)
The solution to the above equation leads to the second boundary condition
χ→ χ0, F (χ)→
[
n(3n+ 1)
3(3n− 1)
χ0(χ0 − χ)
]1/n
. (3.23)
Once the solution of (3.15) with the two boundary conditions (3.16) and (3.23) is
obtained, we get the asymptotic solution of the tip position
Z˜m = χ0 t˜
1/3. (3.24)
We can write the above equation with dimensions and scale the length using the capillary
length ac =
√
γ/ρg
Zm
ac
= χ0
(
n2 cos2 θ
3
)1/3(
γt
ηac
)1/3
. (3.25)
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This result agrees with the conjecture proposed by Ponomarenko et al. (2011). In the
following, we shall study the numerical solutions for special cases of n = 1 and 2.
4. Examples
4.1. linear corner
As a first example, we study the classical example of corner formed by two flat planes.
For this case, the E(x) function is given by
E(x) = ax, a≪ 1. (4.1)
The dimensionless form of the time evolution equation (3.9) is
∂G˜
∂t˜
=
1
4G˜
∂
∂z˜
[
G˜4
(
1 +
1
G˜2
∂G˜
∂z˜
)]
= G˜2
∂G˜
∂z˜
+
1
2
(
∂G˜
∂z˜
)2
+
1
4
G˜
∂2G˜
∂z˜2
. (4.2)
This is consistent with Higuera et al. (2008) and our previous work (Yu et al. 2019).
The equilibrium profile is given by
1 +
1
G˜2
∂G˜
∂z˜
= 0 ⇒ G˜ =
1
z˜
. (4.3)
The time evolution equation (4.2) can be solved numerically. The meniscus profiles at
different times are shown in figure 2(a). The tip position as a function of time is shown
in figure 2(b), which follows a t˜1/3 scaling.
The self-similar solution has the form
G˜(z˜, t˜) = F (χ)t˜−1/3, χ = z˜t˜−1/3. (4.4)
The self-similar solution satisfies the equation (3.15) with n = 1
F 2F ′ +
1
2
(F ′)2 +
1
4
FF ′′ +
1
3
(χF )′ = 0, (4.5)
and the following boundary conditions
χ→ 0, F (χ)→ 1/χ, (4.6)
χ→ χ0, F (χ)→
2
3
χ0(χ0 − χ). (4.7)
The numerical result of the self-similar solution is shown in figure 2(c), which gives
χ0 ≃ 1.8008. (4.8)
4.2. quadratic corner
We next examine the corner formed by two surfaces which are quadratic functions of
x
E(x) = bx2. (4.9)
Note here b has a dimension of [LENGTH]−1. The dimensionless form of the time
evolution equations is
∂G˜
∂t˜
=
1
7G˜2
∂
∂z˜
[
G˜7
(
1 +
1
G˜3
∂G˜
∂z˜
)]
= G˜4
∂G˜
∂z˜
+
4
7
G˜
(
∂G˜
∂z˜
)2
+
1
7
G˜2
∂2G˜
∂z˜2
. (4.10)
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Figure 2. (a) Meniscus shape at different times (t˜ =200, 400, 600, 800, 1000 from bottom to
top) for the linear corner. The solution are obtained by solving the time evolution equation (4.2).
(b) The position of the tip as a function of time. (c) Self-similar solution of equation (4.5). Also
shown are the meniscus shapes at different times (shown as symbols) and boundary conditions
(4.6, red) and (4.7, green).
The equilibrium profile is given by
1 +
1
G˜3
∂G˜
∂z˜
= 0 ⇒ G˜ = (2z˜)−1/2. (4.11)
The time evolution of the profile is shown in figure 3(a). The tip position as a function
of time is shown in figure 3(b), which also follows a t˜1/3 scaling.
The time evolution equation (4.10) admits a self-similar solution of the form
G(z, t) = F (χ)t−1/6, χ = zt−1/3. (4.12)
The solution satisfies the equation
F 4F ′ +
4
7
F (F ′)2 +
1
7
F 2F ′′ +
1
3
(χF ′ +
1
2
F ) = 0. (4.13)
The boundary conditions are
χ→ 0, F (χ)→ (2χ)−1/2 (4.14)
χ→ χ0, F (χ)→
[
14
15
χ0(χ0 − χ)
]1/2
. (4.15)
The self-similar solution is shown in figure 3(c), which gives
χ0 ≃ 1.0613. (4.16)
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Figure 3. (a) Meniscus shape at different times (t˜ =1000, 2000, 3000, 4000, 50000 from bottom
to top) for the quadratic corner. The solution are obtained by solving the time evolution equation
(4.10). (b) The position of the tip as a function of time. (c) Self-similar solution of equation
(4.13). Also shown are the meniscus shapes at different times (shown as symbols) and boundary
conditions (4.14, red) and (4.15, green).
5. Conclusion
We have studied the capillary rising of wetting fluid in corners. For corners with small
opening angle, we used the Onsager principle and derived a time evolution equation for
the meniscus profile for general power-law corners. The time evolution equation has a
self-similar solution, and we have showed that the advance of the meniscus front follows
a universal t1/3 law. The universality of the t1/3 scaling was previously demonstrated
in experiments (Ponomarenko et al. 2011). Here we have shown explicitly that the t1/3
scaling is indeed satisfied for general power-law corners.
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